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Abstract 
Carboni, A. and S. Mantovani, An elementary characterization of categories of separated 
objects, Journal of Pure and Applied Algebra 89 (1993) 63-92. 
We find an axiomatic description of categories which appear as categories of separated objects 
for a unique topology in exact category I, when d is a pretopos and when & is abelian. 
Introduction 
Various attempts have been made to give an axiomatic description of categories 
arising as categories of separated objects for universal closure operators 
(= topologies). R ecently, in the case of universal closure operators on Grothen- 
dieck toposes (= Grothendieck topologies) the problem has been solved in [3], 
where it is shown that such categories (which were called Grothendieck quasi- 
toposes) are equivalent to locally presentable categories in which colimits are 
universal and strong equivalence relations are effective, and that these conditions 
characterize also locally presentable quasi-toposes (see [3, Theorems 3.5 and 
3.91). In reading this interesting result, we had the impression that there was a 
mixture of elementary and non-elementary properties, and that one could obtain 
a cleaner proof by investigating the same question in the context of the elemen- 
tary weakening of the Giraud axioms for Grothendieck topos, given by the notion 
of pretopos. 
It is well known that when & is an exact category satisfying suitable extra 
conditions, the category Sh,(d) of sheaves for a topology i on LZZ is an exact, 
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localization. The nature of the extra conditions on & which ensure the existence 
of the adjoint to the inclusion, usually amounts to a requirement of some forms of 
external or internal completeness, which allow to show the existence of enough 
injectives. 
The nature of categories of separated objects is more elementary than the one 
of sheaves, in the sense that in an exact category L& for any topology j the 
inclusion functor of Sep,(&) has always a left adjoint s: s exhibits Sep,(&) as an 
epireflective subcategory of ti and it is not usually left exact, but preserves 
monomorphisms and finite products (see [2]). The first question we asked 
ourselves was to know if under suitable conditions on & these properties were 
also sujjkient to describe the subcategories of LZZ of the form Sepj(&), for some 
topology j. 
In Chapter 1, we describe the answer we found: if & is an exact category which 
has disjoint and hereditarily distributive (equivalent to universal) sums (i.e. a 
pretopos), then the subcategories Sepj(&) which appear as categories of sepa- 
rated objects for a unique topology on J& are exactly the epireflective ones for 
which the reflector preserves monos and products. The main notion we developed 
to show the above characterization is that of a quasi-focalization, which simply 
means a reflection such that the reflector preserves finite limits up to bimor- 
phisms. 
As a gift for such an elementary analysis, we discovered that actually the above 
result holds even when in the exact category &! sums have the opposite behaviour 
than distributivity, namely when ZZJ is additive (i.e. G? is abelian). 
In Chapter 2, we use this elementary characterization of the subcategories of a 
pretopos or of an abelian category which are categories of separated objects for a 
unique topology, to show which elementary consequences of the axioms given by 
[3] are sufficient to have a characterization theorem for categories of separated 
objects in our cases. The properties which characterize categories Y which appear 
as categories of separated objects are: 
(1) Y is a regular category, 
(2) strong equivalence relations are effective, 
(3) Y admits a (epimorphism, regular monomorphism) factorization of mor- 
phisms, which is stable under pullbacks, 
(4) Y has universal (finite) sums, 
in the pretopos case, whereas in the abelian case (4) should be replaced by: 
(4’) Y is additive. 
Under these assumptions, we show that it is possible, via universal construc- 
tions, to embed Y in a pretopos (respectively in an abelian category) in such a 
way that the embedding functor has a left adjoint which preserves monomorph- 
isms and products and whose units are epimorphisms. We call quasi-pretoposes 
(resp. quasi-abelian) categories satisfying axioms (l), (2), (3) and (4) (resp. (4’)). 
The universal construction mentioned above amounts to the construction of the 
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2-adjoint to the forgetful 2-functor from the 2-category of pretoposes (resp. 
abelian categories) to the 2-category of quasi-pretoposes (resp. quasi-abelian 
categories), the pretopos completion (resp. abelian completion). In view of the 
results of Chapter 1, we prove that the above conditions are sufficient, by showing 
that the units of this 2-adjunction are in fact epireflective quasi-localizations. The 
needed explicit description of the pretopos completion and of the abelian one is 
obtained using the calculus of relations. 
A further analysis would reveal that also the construction in [3] has a universal 
nature, since it turns out to be an infinitary extension of ours. 
Chapter 1. Quasi-localizations 
1.1. Regular and exact categories; the calculus of relations 
The notion of a regular category is precisely the one that allows to develop the 
calculus of relations as an equational calculus over graphs. A regular category (see 
[l, 21) is a category 8 such that 
(1) 8 is a left exact, 
(2) every effective equivalence relation (i.e. a kernel pair) has a coequalizer, 
(3) regular epimorphisms are stable under pullbacks. 
Topos, categories of separated objects for a topology on a topos, categories of 
algebras and abelian categories are all examples of regular categories. In a regular 
category one can define the image Im( f) of a morphism f : X+ Y by factoring f 
through the coequalizer of its kernel pair and proving by (3) that the coequalizer 
factors in fact through a mono (regular image). Defining a relation R from X to Y 
as a subobject R 4 XX Y, the regular image factorization allows to define the 
composite of two relations as follows: if S + Y x 2 is another composable 
relation, then the composite SR is 
SR = Im ~XXZ b-&Y(R) I-- 4L,(S)l, 
where the 7~‘s denote projections from X x Y x 2 and the (-)* denotes the 
inverse image. Axiom 3 in the definition of a regular category exactly means that 
the above composition is associative, so defining a category Rel(%‘) of relations of 
%‘, whose identities are diagonals. 
Notice that Rel(%‘) has extra structure: 
(1) A local order preserved by composition (in other words, Rel(%) is a locally 
ordered bicategory), which has finite intersections. 
(2) An involution (-)“, which is the identity on objects, and which preserves 
the local order. 
(3) An embedding %+ Rel(%), given by the construction of the graph; we will 
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freely confuse arrows of 8 with their graph in Rel( %). Working in Rel(%‘), we will 
denote (graphs of) arrows in g by lower-case Latin letters and we will call them 
‘maps’. 
The nice thing about this structure is that it allows to give purely algebraic 
proofs about facts in 8’ as it is shown in the following lemma, whose proof is left 
as an exercise: 
Lemma 1.1.1. Let 8 be a regular category. Then: 
(1) An arrow R : X+ Y ofRel(8) is the graph ofan arrow of g (i.e. is a map) 
iff it has a right adjoint in the bicategory Rel(g), iff R” is a right adjoint, which 
simply means 
in other words, the functor 8+ Map(Rel(8) is an isomorphism. 
(2) Composition on the left with maps preserves intersections, (R fl S)f = Rf II 
Sf. 
(3) An arrow f : X + Y of ‘8 is a mono iff f”f = 1 and is a regular epi iff ff’ = 1. 
(4) For every relation R : X+ Y there exists a pair of maps f and g such that 
R = gf" , f”fngg=i; 
such a pair is essentially unique (‘tabulation’ of R). 
(5) A square in E 
UkX 
hI If 
Y-Z 
R 
is commutative iff kh” 5 f Og and is a pullback iff h, k tabulate f”g; in particular, the 
kernel pair of a map f : X-+ Y is a tabulation of the relation f”f. 
(6) The regular image of a map f : X + Y is characterized as a subobject as a 
map i such that Pi = 1 and ii” = ff”. Cl 
An obvious question is to give a characterization of those locally ordered 
bicategories B which appear as Rel( EZ), 8 being necessarily the subcategory 
Map(B) of B determined by the arrows with right adjoint. Several answers have 
been given to this question, notably the one due to Freyd (see [6]), who has been 
able to give a characterization in terms of the following axiom, 
RSn TsR(SnR”T) (1) 
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(which he calls ‘modular law’ and whose proof is also left as an exercise), beside 
other obvious axioms. More precisely, Freyd’s theorem is the following: 
Theorem 1.1.2. Let B be a locally ordered bicategory with local intersections: then 
‘8 = Map(B) is a regular category and the canonical embedding Rel( 55’) + B is an 
isomorphism iff B is equipped with an involution 
(-)” : B-+ B 
which is the identity on objects, and the following axioms are satisfied: 
(1) the modular law, 
(2) there is an object 1 for which the identity is the local terminal in B( 1, l), 
(3) every arrow has a tabulation (see point (4) of the previous lemma). 0 
As for the proof we refer to the quoted pamphlet or to the forthcoming book 
[7]; let us just mention that the modular law immediately implies that if f is a map 
in B, then the adjoint f * is in fact the opposite f”, and that the order on the maps 
is discrete. 
An extremely useful property that a regular category can have which we will 
need in the sequel is an exactness property, which has been first formulated by 
Barr [l]. 
Definition 1.1.3. An exact category is a regular category % in which every 
equivalence relation is effective. 
One can easily show that a regular category 8 is exact iff Rel(%) satisfies the 
following axiom: 
For every equivalence relation R there exists a relation p such that 
W pop = R and pp’=l. 
In other words, every equivalence relation, as an idempotent in Rel(%), has a 
splitting p (which is necessarily a regular epi in g ). Notice also the equational 
nature of axiom (E) over the category of relations. 
As examples of exact categories we have all topos, all categories of algebras; 
notice that categories of separated objects are not in general exact. A further class 
of exact categories is provided by the following useful theorem, due to Tierney 
(see [l]): 
Theorem 1.1.4. A category & is abelian iff is exact and additive. 0 
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1.2. Pretopos 
Both the category Sets of sets (and more generally any topos) and the category 
Ab of abelian groups (and more generally any abelian category) are exact; what 
really distinguishes them is the behaviour of sums. 
Definition 1.2.1. Let 8 be a category with finite sums and finite products. 
(1) % is distributive if for all objects X, Y, Z the canonical maps 
(XX Y)+(XXZ)+Xx(Y+Z) and 0+0xX 
are invertible. 
(2) % is modular if for all maps f : X-+ Z the canonical arrow 
1x7 
C;X:‘J 
:X+(YxZ)-(X-tY)xZ 
Z 
is invertible. 
Even if the definition above may suggest that a category is a glorified version of 
a lattice, there is a difference, since a distributive category is quite far from being 
modular, as the example of Sets shows. More generally any topos is distributive; 
more, it is hereditarily distributive, meaning that every slice category is distribu- 
tive. As for modularity, every additive category is modular and pointed, and 
conversely (see [4]) every pointed, modular category is additive. 
Definition 1.2.2. A pretopos is a hereditarily distributive, exact category in which 
each square 
o-x 
I I ‘x 
YiYXf Y 
is a pullback (‘sums are disjoint’). 
The notion of a pretopos includes all basic elementary exactness properties that 
a topos can have. To prove these properties, we first investigate the categories of 
relations of a regular category having finite, hereditarily distributive and disjoint 
sums. 
Lemma 1.2.3. Let 8 be a regular category with (finite) hereditarily distributive and 
disjoint sums. Then: 
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(1) % ru e unions of subobjects, stable under pullbacks (i.e. % is a ‘t ) 
‘coherent’, resp. ‘geometric’, category); hence Rel(%‘) has locally (finite) unions 
which are preserved by composition. 
(2) The sums in 8 are characterized in Rel(8) by the fact that injections 
x*x+ Y- iy Y 
satisfy in Rel( %) the following equations: 
.o . 
lYlX =O, iii, = 1, iO,i, = 1 , i,ii U i,iO, = 1 . 
(3) The initial object in 8 is strict and is characterized in Rel(8) as a ‘zero 
object’. 0 
For the proof, which is left to the reader, first observe that the union of two 
subobjects of % can be defined as the regular image of their sum. Also, notice that 
due to the equations in (2), sums in 8 are biproducts in Rel(%), i.e. Rel(%‘) is 
pre-additive. In particular, relations 
R:iX,+T Y, 
1=1 j=l 
are matrices R = (R,) of relations R,, : Xi + Y, and composition reduces to matrix 
composition. 
The existence of good sums in an exact category allows to show the existence of 
more colimits than we asked for: 
Lemma 1.2.4. In a pretopos pushouts of monos along any map exist, are monos, 
and are pullbacks. 
Proof. Let 
be a diagram with i a mono, and consider the relation (partial map) R = 
fi” : X- Y; defining the relation E(R) on X + Y by the matrix 
i 
1 U R”R R 
R 1uRR” 
one can easily prove that E(R) is in fact an equivalence relation on X + Y. Let 
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P”P = E(R)> P p” = 1 be the coequalizer of E(R) and consider the composites 
g = pi, and h = pi Y, i, and i, being the injections; then g,h is the pushout of the 
above diagram, which is also a pullback, since one can show that hg” = fi” (see 
Lemma 1.1.1(5)). Finally, g is a mono, since 
g”g = iO,p’pi, = lURR”=lUfi”ifO=lUff”=l. 0 
Notice that to show that the pushout exists and is a pullback we just used that 
the relation R satisfies the equation RR”R = R, that is, R is difunctional, so that 
this property holds in fact more generally for difunctional relations and provides 
their characterization: in a pretopos, difunctional relations are precisely those 
which are pullbacks of their pushout. 
Corollary 1.2.5. In a pretopos, 
(1) every mono is an equalizer, and every epi is a coequalizer, 
(2) unions are effective, i.e. are pushouts of the intersection. 
Proof. Point (1) is obvious. As for point (2), is enough to show that if 
is a pullback of monos, then the canonical arrow from the pushout P of m and n 
to Z is a mono; but this follows from the fact that in such a case the kernel pair of 
the map X + Y+ Z induced by i and j agrees with the equivalence relation on 
X + Y which according to the previous lemma gives the pushout of m and n. 0 
1.3. Quasi-localizations 
Let ~4 be a category with finite limits. A topology (universal closure operator) j 
on & is defined by specifying, for each object X in d, a closure operator j, (an 
increasing, order preserving, idempotent map) on the poset of subobjects of X, in 
such a way that closure commutes with pullback along morphisms of &. We 
denote by j(X’) ts X the closure of X’ H X. A monomorphism m : X’ w X is 
j-dense if j(X’) = X and j-closed if j(X’) = X’. Then, having a topology j on ~4, we 
can factorize any monomorphism through its j-closure by a j-dense morphism 
followed by a j-closed one. In this way we obtain a factorization system for 
monomorphisms in &, which has the additional property of stability under 
pullbacks along morphisms of &, due to the universality of j. This property 
characterizes topologies, in the sense that any factorization system (%, JM) for 
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monomorphisms in &, with & C Mono(&) and with 8 stable under pullbacks, 
gives rise to a topology jw, in which the class of j,-dense monomorphisms 
coincides with Z? and the class of j,-closed monomorphisms coincides with JX. 
When ti is regular, there already exists a factorization in ~4, namely the 
(regular epimorphisms, monomorphisms), which is stable under pullbacks. In this 
case a topology is equivalent to a factorization system (%, JI%) for morphisms in 
&, with Jll C Mono(&) and ‘8 stable under pullbacks. 
Given then a topology in &, an object S will be called j-separated if the diagonal 
A, : S+ S x S is j-closed. An object F will be called a j-sheaf if it is j-separated 
and it is injective with respect to j-dense monos. We will denote by Sepj(&) and 
by Shj(&) the full subcategories of & given respectively by j-separated objects 
and j-sheaves. 
The following proposition gives some properties of Sep,(&) as subcategory of 
92 (cf. [2]): 
Proposition 1.3.1. Let ti be exact. The inclusion functor i of Sep,(ti) in ti has a 
left adjoint s with the following properties: 
(1) s preserves monos and (finite) products, 
(2) the units of the adjunction s { i are regular epimorphisms. 0 
Notice that when .JZZ is abelian, every reflector preserves finite products, so that, 
in this case, property (1) of Proposition 1.3.1 becomes 
(1’) s preserves monos. 
Our aim is to find suitable conditions on ti under which (1) and (2) of 
Proposition 1.3.1 are sufficient to characterize those subcategories of & which 
appear as categories of separated objects for a given topology j in a. 
Definition 1.3.2. Let &, B be with finite limits. A functor s : d--+ 93 is said to be 
quasi-lex if, for any finite limit L = lim Li in &, the canonical arrow from s(L) to 
the limit L’ of s(L,) in % is a bimo\rphism. 
Definition 1.3.3. Let .& be with finite limits and 9’ be a subcategory of a, with 
inclusion functor i. Y is said to be a quasi-localization if there exists s -1 i, with s 
quasi-lex. 
We will show that, in presence of additional properties on a, satisfied e.g. in 
abelian categories and in pretoposes (see Corollary 1.2.5), every Sepj(&) is a 
quasi-localization, which is a localization if only if every j-separated object is a 
j-sheaf. 
Theorem 1.3.4. Let ti be a regular category with unions of subobjects and in 
which 
(1) pushouts of monos exist, are monos and are pullbacks, 
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(2) unions are effective (see [2]), ‘. I e are pushouts of the intersection. 
Let 9 9 & be an epireflective subcategory of .d with reflector s _I i. 
Then s is a quasi-lex if and only ifs preserves monos and products. 
Notice that the conditions of the theorem imply that in & that every mono is 
regular (hence every epi is regular). In the proof, we need the following lemma: 
Lemma 1.3.5. In a situation as above, ifs preserves monos, Y has the (epimorph- 
isms, regular monomorphisms) factorization. 
Proof. First of all, notice that it is sufficient to prove the existence of the 
factorization only for monos. In fact, since .J&! is regular, Y is regular, hence 
admits the (regular epi, mono) factorization. Now, by the hypothesis of Theorem 
1.3.4, Y admits pushouts of monos (so, in particular of regular monos) and they 
are monos, since S preserves monos. 
This is sufficient to show that, given a mono m : A+ B in Y, there exists the 
cokernel pair (h, k) of m in Y and m factorizes through the equalizer of (h, k) 
with an epimorphism (cf. [9]), giving the desired factorization. 0 
Proof of Theorem 1.3.4. Let s be quasi-lex and let s(X X Y) be the reflection of 
X x Y in Y. The comparison arrow 4 : s(X X Y) ---f s(X) X s(Y) is a bimorphism 
by hypothesis, thus in particular is a monomorphism. Since in a regular category 
the product of regular epimorphisms is a regular epimorphism and since Y is 
epireflective, then sx x sy is a regular epi, as well as 4, since +sxxy = sx x sy. In 
conclusion, $ is an isomorphism. 
As to the preservation of monomorphisms, given a mono m : A w B in &, 
consider the reflection in Y of the pullback of m along itself, 
‘,(A) 
s(A) - s(A) 
‘0) I 5(m) I 
s(A) - v(m) s(B) 
The comparison arrow $ : s(A)+ C to the pullback C in Y of s(m) along itself is 
an epimorphism, but it is also a regular mono, since it factorizes 1,(Aj. Thus 4 is 
an isomorphism. 
Now let s preserve (finite) products and monomorphisms. To show that s is 
quasi-lex, it is sufficient to prove that s preserves equalizers up to bimorphisms. 
Let m : C--t C’ be the equalizer of (f, g) : C’ z c” in &. It is easy to see that this 
is equivalent to say that m is the equalizer of 
((id,.., f), (id,., g)): C’sCtx C”. 
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Since 
EqMfL s(g)) =Eq((id.~,c~,~ s(f)), (ids,cs,, s(g))) 
and 
4(id,., f)> = (id,,,,,, 4.0) , 4(idcs, g)> = (id,,cr,, s(g)) , 
by the preservation of products of s, we can suppose without loss of generality 
that f and g are split monos, with a common left inverse, so that the square 
fm = gm is in fact a pullback square. 
Since in ti unions are effective, the cokernel pair (h, k) : C’ z c of m is the 
union, and hence there is a mono 4 : c-+ C”. If we apply s to the diagram 
we get 
&%~$~~ 
s(C) 
Since s is right exact, it preserves in particular cokernel pairs, so that (s(h), s(k)) 
is the cokernel pair of s(m) in Y, with ~(4) mono. So, the equalizer (1, j) of 
(s(h), s(k)) is also the equalizer of (s(f), s(g)). But, due to the (epi, regular 
mono) factorization of s(m), s(m) factorizes through j with an epi 4, which is also 
a mono, since s(m) is manic. This means that the comparison arrow from s(C) to 
the equalizer of (s(f), s(g)) in Y . IS a bimorphism, that is, s is quasi-lex. 0 
Corollary 1.3.6. Let & be as in Theorem 1.3.4. Then, given a topology j in &, 
Sep,(&) is a quasi-localization which is a localization if and only if Sepj(&) = 
Sh, W ). 
Proof. The fact that Sep,(&) is a quasi-localization follows from Proposition 
1.3.1 and Theorem 1.3.4. Suppose now that Sepj(&) is a localization, so that the 
reflection of every mono of A! is a regular mono in Sepi(&). By the definition of 
j-separated objects, the reflection in Sepj of a j-dense mono is an epimorphism in 
Sepj(&). Given m : A ts B j-dense mono, s(m) : s(A) H s(B) is an epic regular 
mono, i.e. an isomorphism. This means that every j-separated object is a j-sheaf. 
On the other hand, if Sepj(&) = Sh,(&), the inclusion functor i’ : Sh,(&) 9 ti 
has a left adjoint a = s which preserves monos and products. Since in both & and 
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Sh,(d) monomorphisms coincide with regular monomorphisms, a preserves 
regular monomorphisms and products, and then, by [2, Theorem 4.11, a = s is 
lex. 0 
1.4. Categories of separated objects 
We have seen in Theorem 1.3.4 that every quasi-localization with epimorphic 
units has the (epi, regular mono) factorization, as in the case of Sepi(&). But 
Sepj(d) inherits from & another factorization given by the topology j, namely 
the (j-dense, j-closed) one, which is stable under pullbacks. Actually, these two 
factorizations coincide in Sep,(&), as easily follows from the following propo- 
sition: 
Proposition 1.4.1. Let ZI satisfy condition (1) of Theorem 1.3.4 and j be a 
topology on PI. If e : Xw Y is a mono between j-separated objects, then e is 
j-dense if and only if e is epic in Sepj(&). 
Proof. The necessary condition easily follows from the definition of separated 
object. 
Suppose now e is epic in Sep,(&). Consider the pushout of e along itself in & 
X’Y 
This square is also a pullback square, which implies e = Eq(h, k) in &. As we 
have seen before, s(h), s(k) give the pushout of e along itself in Sep,(&). But e is 
an epimorphism in Sep,, then s(h) = id, = s(k) and s(Z) z Y. Consider now the 
following commutative diagram 
Y 
(h-k) 
,zxz 
s(h) 
i 
sz X5.z 
s(Z) = Y 
(s(h),h(k))=-=d,(Z) 
~s(z)xs(z)=Yx Y 
(2) 
The pullback A,(,, along sz x sz is given by the j-closure j(A,) of A, in Z X Z 
(see the construction of the reflector into Sepj in [2]). So, by the commutativity of 
the previous diagram (2), (h, k) factors through j(A,). From Proposition 5.5 of 
[2], it follows that e is j-dense. 0 
Corollary 1.4.2. In a situation as above, the two factorizations (epi, regular 
mono), (j-dense, j-closed) coincide in Sep j(&). 
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Proof. By Proposition 1.4.1, the class of epimorphisms of Sep,(&) coincides with 
the class of j-dense morphisms of Sep,(&) and both the factorizations exist. 0 
As a consequence of Corollary 1.4.2, for & as in Proposition 1.4.1, the 
factorization (epi, regular mono) in Sep,(&) has the additional property of 
stability along pullbacks. Does it happen in any quasi-localization? For the 
answer, we first investigate further properties of quasi-localizations. 
Proposition 1.4.3. Let ti be a regular category and Ya quasi-localization in ~2 with 
reflector s. Then, if the units of the adjunction s _i i are regular epimorphisms, they 
are stable under pullbacks along morphisms of Y, in the sense that, given 
sx : X-+ s(X) and f : Z+ s(X), with Z in 9, then in the pullback in ~4, 
(3) 
we get Zss(Y) and ggs,. 
Proof. First observe that the top arrow g in (3) is a regular epimorphism, since sx 
is and & is a regular category. Taking the reflection in Y of the diagram (3), we 
obtain 
s(Y)““‘z 
.J(f’) 
1 
f 
id,(x) 
4x>- 4x> 
with s(g) regular epi, since s( g)S, = g. But the pullback in Y of f : Z+ s(X) 
along id,,,, is the identity id z : Z+ Z. So the comparison arrow 4 : s(Y) w Z is 
isomorphic to s(g). Then 4 is both manic and regular epic, that is it is an 
isomorphism. 0 
The property of s in Proposition 1.4.3 turns out to be useful to prove the 
universality of colimits in an epireflective subcategory Y 9 d, when these colimits 
exist and are universal in &. In fact, we have the following proposition: 
Proposition 1.4.4. Let Y + d be an epireflective subcategory of ti with stable 
units. Then, if some kinds of colimits exist and are universal in ~4, the same kinds 
of colimits exist and are universal in Y. 
Proof. Let L = 1% L, be a universal colimit in _&, where L, are objects in Y, with 
canonical arrows 1, : Li+ L. Then the reflection s(L) = L of L in Y, with 
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s(Z;) = L : Li+ L as canonical arrows, is the colimit in Y of (~5~). Now, consider 
the pullbacks of 1, = sLli along f : f+ L, where J? is in 9: 
Since the units are stable and the right-hand square is a pullback, we have 
3 E s(S’), where S’ is the pullback of L along f. Since the left-hand squares are 
pullbacks, by the universality of the colimit L in ~4, we have S’ = 1% S,, so that 3 
with canonical arrows S, = ss,s,, is the colimit of (S,) in 9’. 0 
Proposition 1.4.5. Let ~2 be a pretopos and Y 4 ~2 be a quasi-localization with 
epimorphic units. Then Y has the following properties: 
(1) finite sums exist and are universal in 9, 
(2) equivalence relations have universal coequalizers in Y and the strong ones 
are effective, 
(3) epimorphisms are stable in 9’. 
Proof. Since a pretopos satisfies the conditions of Propositions 1.4.3 and 1.4.4, 
(1) and (2) f o 11 ow from the fact that in a pretopos finite sums and coequalizers of 
equivalence relations are universal. 
From the considerations above, it follows also that in Y pushouts of monos exist 
and are universal. Now, let e : XH Y be an epi-mono in 9’. Then the cokernel 
pair of e is (id,, id,) : YG Y. Pulling back along a morphism f : Y’ + Y, we 
obtain the following diagram: 
By the universality of cokernel pairs of monos in ti and by Proposition 1.4.4, 
(id,., id.,) is the cokernel pair of e’ and then e’ is epic in 9’. The stability of an 
epimorphism in Y follows from the regularity of 9’. 0 
By the above proposition we can answer the question about the stability of 
epimorphisms in a quasi-localization at least in one of the two cases we are 
interested in, that is when L& is a pretopos. As we will see, the answer is the same 
also when .I& is abelian, but the proof is different. First, we need the following 
lemma: 
Lemma 1.4.6. Let ~4 be an abelian category, Y L, ~3 be a quasi-localization in JA 
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and e : X w Y be a mono in Y. Then e is epic in Y if and only if the cokernel of e 
in Y is zero. 
Proof. Since in & mono = normal mono, if Y/X is the cokernel of e in &, the 
diagram 
X-Y 
4 (‘Y/X ix o- 
is a pullback and a pushout square in &. 
Then, if the cokernel of e in Y is zero, reflecting the previous diagram in Y, we 
obtain the following diagram 
which is not a pullback, but it is such that the comparison arrow from X to the 
pullback in Yis epic, by the definition of quasi-localization. But the comparison is 
exactly e, so the necessary condition is proved. 
On the other hand, if e is epic in Y, it is very easy to see that the cokernel of e 
in Y must be zero. 0 
Lemma 1.4.7. Let ~4 be an abelian category and Y 9 & be a quasi-localization in 
&. Then: 
(1) Given f and g monomorphisms in Y, 
gf is epic if and only if both f and g are . 
(2) Given a pushout diagram in Y 
where all the arrows are monos. then 
e is epic if and only if e’ is epic. 
Proof. As for (l), let gf be epic in y. By Lemma 1.4.6, the cokernel of gf is 0, 
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thus we have the following diagram 
where both the squares are pushouts in 55 Since pushout of monos are monos in 
9, there exists a mono from P to 0, i.e. P is isomorphic to 0 and thenfis epic, by 
Lemma 1.4.6. 
Given a pushout diagram as in (2), the cokernel of e is obtained taking the 
pushout of e along t, : X+ 0. Since t, = t,.f and composition of pushouts gives 
out a pushout, it follows immediately that also e’ has cokernel 0, i.e. is epic, by 
Lemma 1.4.6. 0 
Proposition 1.4.8. Let ~4 be an abelian category and Y + ~4 a quasi-localization in 
SC! with epic units. Then Y has the following properties: 
(1) coequalizers of equivalence relations are universal, 
(2) epimorphisrns are stable. 
Proof. (1) follows from Propositions 1.4.3 and 1.4.4. As to (2), as usual, we can 
restrict our attention to monomorphisms, since & is regular. So, let 
be a pullback square in Y with e epi-mono. We want to show that e’ is epic in 97 
Consider the (epi, mono) factorization (h, k) of f in &, and let en be the 
pullback of e along k, 
We will show first that err is epimorphic in 9’. 
Since unions are effective in ti and S preserves monomorphisms, if we take the 
pushout D of e” along k’ in 9, 
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the comparison arrow C$ from D to Y is manic, but $E= e, then, by Lemma 
1.4.7(l) C is epic and consequently e” is epic, by Lemma 1.4.7(2). 
If we take now the pullback of e” along h 
since h is an epimorphism of &, the square is also a pushout in &which lives in Y 
and then a pushout in 9’. Again by Lemma 1.4.7(2), we can conclude that e’ is an 
epimorphism in Y, since err is. 0 
In conclusion we can say that, at least i he two cases we are interested in, 
every quasi-localization with epic units, (WIT by Theorem 1.3.4, is nothing 
more than an epireflective subcategory with a Sector which preserves monos 
and products) has an (epi, regular mono) factc Ition stable under pullbacks. 
1.5. The characterization theorems 
Theorem 1.5.1. Let ti be a pretopos and Y 9 ti be a (full) subcategory of ~4. 
Then the following are equivalent: 
(1) Y = Sep,(&), for a unique topology j on d. 
(2) Y is an epireffective subcategory of ti with reflector s -1 i which preserves 
monomorphisms and (finite) products. 
(3) 9’ is a quasi-localization with epimorphic units. 
Theorem 1.5.1’. Let ~4 be an abelian category and Y + ti be a (full) subcategory 
of ~4. Then the following are equivalent: 
(1) Y = Sep,(&), for a unique topology j on ti. 
(2) Y is an epireflective subcategory of & with reflector s i i which preserves 
monomorphisms. 
(3) 9’ is a quasi-localization with epimorphic units. 
Proof. We only need to prove the implication (3) + (1), since (1) + (2) is proved 
in [2] and (2)~(3) follows from Theorem 1.3.4. Let Y be a quasi-localization 
with epic units and reflector s : d+ 9’. First of all we will prove the unicity of the 
topology, which is an easy corollary of the following characterization of j-dense 
and j-closed morphisms in ~4. 
Lemma 1.5.2. Given any topology j on & such that Y = Sep,(&). Then: 
(1) e : X t;, Y is j-dense if and only if s(e) : s(X) t--) s(Y) is epic in Y. 
(2) m : X ts Y is j-closed if and only if s(m) : s(X) w s(Y) is a regular mono- 
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morphism in Y, and the diagram 
is a pullback square 
Proof. Suppose s(e) not epi in 9’. Then we can take the (epi, regular mono) 
factorization (d, c) of s(e) (which coincides with the (j-dense, j-closed) one in 9’, 
by Corollary 1.4.2). Pulling back c along sy, we obtain a factorization (d’, c’) of e 
with c’ j-closed, by the stability of the factorization. But c’ is also j-dense and 
then it must be an isomorphism. This implies c iso and then s(e) = d, which is epi. 
Vice versa, if s(e) is an epimorphism in 9, by Corollary 1.4.2 it is j-dense and 
then e is j-dense. 
The proof of the second assertion is completely analogous to the previous 
one. 0 
As for the construction of the topology jy in & such that Y = Sepi(&), we first 
define a factorization of monos, which is stable under pullbacks. Lemma 1.5.2 
forces us to define as j,-dense monos exactly those monos which are reflected in 
epimorphisms by s and as j,-closed monos exactly those which are reflected in 
regular monos by s. So, the desired (j,-dense, j,-closed) factorization of a mono 
f : XH Y in ~4 is obtained this way: 
(1) factorize s(f) into its (epi, regular mono) factorization (e, m). 
(2) pullback m along sy getting m’ : Y’ H Y. Then m’ and the comparison 
arrow e’ : XH Y’ will be respectively j,-closed and j,-dense, by definition of the 
topology j:,>. So, Y’ = j,(Y) will be the closure of X in Y. 
The only thing we need to prove is the stability of j,-dense monos in J& So, let 
X” Y’ 
f,l fl 
X’Y 
be a pullback in ti, with e j,-dense mono. Consider the reflection of this diagram 
in Y through s, 
s(X’) - s(e’) s(y,) 
.J(f’) 
1 
s(f) 
I 
4x> so s(Y) 
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Since Y is a quasi-localization, the comparison arrow C$ from s(X’) to the pullback 
ZLs(Y’) 
f I s(f) I 
s(X) so s(Y) 
is an epimorphism in Y. But, by definition of j,-dense mono, s(e) is epic in Y and 
then E is epic, by Proposition 1.4.5 when & is a pretopos and by Lemma 1.4.7, 
when & is abelian. So in both cases, s(e’) = t?+ is an epimorphism in Y, that is, e’ 
is a &-dense mono. 
To conclude the proof, we have to show that Y coincides with the category of 
separated objects for this topology jv on &. 
So, let A E 9’. Since the diagonal A, : A H A X A is a regular mono in 9, it is 
j,Y-closed and then A is j,-separated. Vice versa, if A is j,-separated, the 
diagonal A, : A H A x A is jFY -closed. So, by Lemma 1.5.2, the diagram 
A 
A 
A 
,A x A 
S/l I SAX/I ~(AA)=+A) I 
s(A) - s(A x A) = s(A) x s(A) 
is a pullback square. This implies that sA is a monomorphism. But, since Y has 
epimorphic units and epi = regular epi in & (in both cases), sA must be an 
isomorphism, so A is in 9’. 0 
Chapter 2. The elementary characterization 
2.1. Free constructions 
The construction of the category of relations on a regular category makes it 
easier to describe various completions and the characterization theorem allows 
proving in a nice algebraic way the wished properties. For instance, let us describe 
the exact compfetion of a regular category, that is, the 2-adjoint to the forgetful 
2-functor from the 2-category of exact categories and exact functors to the one of 
regular categories and exact functors (see [lo]). If Y is a regular category, we will 
define the exact completion Ye”,, by mean of its category of relations Rel(YeP,,) as 
follows: 
objects are equivalence relations of Y’, that is, reflexive, symmetric and 
transitive endomorphisms E : X--t X of Rel(Y); 
arrows R : (E, X)+ (Y, F) are relations R : X+ Y of 9’ which are compatible 
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with the equivalence relations E and F; this can be expressed in Rel(Y) by the 
conditions RE 5 R and FR 5 R (‘bimodules’); 
composition is the composition in Rel(Y). 
By defining the involution and the local intersection as in Rel(Y), one can 
easily check that the conditions of Theorem 1.1.2 characterizing bicategories of 
relations of regular categories are satisfied, so that 
is a regular category, which is also exact, since in Rel(.5Pev,,) equivalence relations, 
as idempotents, have a splitting. The universal property is straightforward. So, 
9’_ turns out to have the following explicit description: objects are equivalence 
relations (X, E) and maps R : (X, E)+ (Y, F) are relations R : X+ Y which are 
functional on equivalence classes: RE = R = FR, E 5 R"R and RR" 5 F. 
When Y is a coherent (resp. geometric) category (see Lemma 1.2.1), one can 
use again the calculus of relations to freely add to such a category (finite) 
hereditarily distributive and disjoint sums, and a strict initial object (see [7]); as 
before, calling 9” the result of such a process, we will describe it through its 
bicategory of relations as follows: Rel(yx) is the bicategory of matrices 
Matr(Rel(Y)), whose 
objects are (finite) families (Xi)IE, of objects of Y; 
QYYOWS R : (X,>,t,+ <Yj>,,, are Z X J matrices of relations 
R = (Rij : Xi+ Yj)i,jE,xJ ; 
composition is matrix composition. 
Using the stability of local unions under relation composition, one can check 
that Matr(Rel(Y)) so defined is in fact a locally ordered bicategory and that 
satisfies the conditions of Theorem 1.1.2, so that 9z = Map(Matr(Rel(Y))) is in 
fact a regular category. Moreover, by defining the sum (X,),t, + (E;),,, of two 
families as the family (Zk)kEI+J, whereZ,=X,ifkEZandZ,= Y,ifkEJ,one 
can show that there are injections satisfying the conditions of (2) and (3) of 
Lemma 1.2.3, so that Yz has (finite) hereditarily distributive and disjoint sums. 
Clearly, such a construction provides an explicit description of the 2-adjoint to the 
forgetful 2-functor from the 2-category of regular categories with (finite) heredi- 
tarily distributive and disjoint sums and a strict initial object with the obvious 
functors between them, and the 2-category of coherent (resp. geometric) 
categories. Notice that, as in the case of regular and exact categories, the forgetful 
2-functor is locally an isomorphism. 
Starting with a coherent (geometric) category 9’, we can apply the sum 
completion 9z just described; then we can apply to it the exact completion 
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(%)ex> and noticing that the exact completion preserves (finite) hereditarily 
distributive and disjoint sums and strict initial objects, we get in the finite case the 
pretopos completion of a coherent category, whose explicit description will be 
used in Section 2.2. 
There is another preservation property of the exact completion we need to 
point out, namely additivity. This is easily seen, basically showing that ‘sums = 
products’ remains true in the exact completion. (This calculus may be simplified, 
using the fact that in an additive category with kernels, every reflective relation is 
an equivalence relation.) 
Thus, if Y is a regular and additive category, YCX is an abelian category (see 
Theorem 1.1.4). 
2.2. Closed relations 
In the following we will show that the elementary conditions we pointed out in 
the first chapter are in fact sufficient to characterize those categories which appear 
as categories of separated objects Sepi(&) for a topology j on a pretopos or an 
abelian category &. Let us recall from Section 1.4 that a category Y which 
appears as a category of separated objects for a topology in a pretopos &’ has the 
following properties: 
(1) Y is a regular category. 
(2) Strong equivalence relations are effective in Y. 
(3) Y admits a (epi, regular mono) factorization of morphisms, which is stable 
under pullbacks. 
(4) Y has universal (finite) sums. 
A category Y which appears as a category of separated objects for a topology in 
an abelian category & has the properties (l), (2), (3) and: 
(4’) Y is additive, since it is an epireflective subcategory of an abelian one. 
In this chapter we will show that the conditions (l), (2), (3), (4) and (l), (2), 
(3). (4’) are also suficient to obtain an elementary characterization of categories 
of separated objects for a topology respectively in a pretopos and in an abelian 
category. 
Let us start with the following definitions: 
Definition 2.2.1. A category Y which satisfies conditions (l), (2), (3) and (4) is 
said to be a quasi-pretopos. 
Definition 2.2.2. A category Y which satisfies conditions (l), (2), (3) and (4’) is 
said to be quasi-abelian. 
In order to show that any quasi-pretopos appears as a category of separated 
objects for a unique topology on a pretopos, we will use Theorem 1.5.1 (and 
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analogously, Theorem 1.5.1’ for the abelian case, when we deal with a quasi- 
abelian category). Since a quasi-pretopos Y is a coherent category (by (3) and (4) 
of Definition 2.2.1), from the results of Section 2.1 it follows that Y can be 
embedded in a pretopos (y2.),, via the free pretopos completion and that a 
quasi-abelian category Y can be embedded in an abelian one Y,, via the free exact 
completion. So, what we will do is to show the existence of a left adjoint to the 
inclusion functor in the pretopos completion (or in the exact completion in the 
additive case), which preserves monos and products (or just monos in the additive 
case). We first need some results on the behaviour of relations in the presence of 
a topology in a regular category &. 
Let Y be a regular category and; be a topology on 9. Since a relation R from X 
to Y is a subobject R + X X Y, we can consider its closure j(R) = k. This closure 
operation on relations has the following behaviour with respect to composition: 
Proposition 2.2.3. Let R 9 X x Y and S 9 Y X Z be composable relations in 9. 
Then 
SR I SR . 
Proof. Denoting as usual by f*(A) and f,(A) the inverse image and the direct 
image of a subobject A along a map f and recalling the definition of composition 
of relations in a regular category (see Lemma l.l.l), we obtain 
- - 
SR = C&T*(~) n r*(R)) = n,(n*(S) n r*(R)) 
= r,(r*(S) fl r*(R)) 5 n,(r*(S) n n*(R)) = SR , 
where the equalities are consequences of the stability of the closure operator 
under pullbacks, and the last inequality follows from the fact that in a regular 
category one has A ‘f*(f,(A)), and hence 
so that 
A 5 f*(fdA>> = f*f,(A>) 7 
f,(A) sfJ*(f;c(A)) sf,(A) . 0 
This proposition has some consequences which will turn out to be very useful in 
dealing with closed relations. 
Corollary 2.2.4. In the hypothesis as above, if R, S, T are composable relations 
and F is a closed relation, we have z 
(1) SR=m, 
(2) SRT~FGSI?TIF~KTTF. 0 
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If Y has effective strong equivalence relations and a stable (epi, regular mono) 
factorization, as in the quasi-pretopos and in the quasi-abelian case, then the 
topology j, on Y associated to this factorization is such that a mono is closed if 
and only if it is a regular mono. Thus any morphism f : X+ Y, considered as a 
relation through its graph, is a closed relation, since (1, f) : X+X x Y is a 
regular mono. In particular 1 = A, : X+ X x X is closed. 
From now on, by R we will denote the closure of R in the topology j,Y. 
Proposition 2.2.5. Zf Y satisfies conditions (l), (2) and (3) of Definition 2.2.1, 
then in Y equivalence relations have universal coequalizers. 
Proof. Given an equivalence relation R on X in 9, its closure R is a strong 
equivalence relation, since in Y regular monomorphisms coincide with strong 
monomorphisms. Then, by (2), l? is the kernel pair of its coequalizer qR, which is 
also a coequalizer for R, since R 4 X x X factorizes through l? by an epimorph- 
ism, by definition of R. Hence, for any equivalence relation R, R = qiqR. The 
universality of coequalizers of equivalence relations follows from the universality 
in Y of epimorphisms (by (3)) and regular epimorphisms (by (1)). 0 
2.3. The quasi-pretopos case 
Now we are ready to face our problem in the quasi-pretopos case. Thus, let Y 
be a quasi-pretopos. Which is the behaviour of sums in a quasi-pretopos? By 
Proposition 3.4 of [3] and the universality of sums we have the following 
proposition: 
Proposition 2.3.1. In a quasi-pretopos, the canonical injections in a sum are 
monomorphisms and sums are quasi-disjoint, in the sense that the comparison 
arrow from the initial object 0 to the pullback of two distinct canonical injections is 
an epimorphism. 0 
As a consequence, we immediately have the following: 
Corollary 2.3.2. Given in Y a sum X, + X, with injections o1 : X, t-f X, + X, and 
CQ : X, H X, + X,, the pullback of (Y, along o2 is the closure ox, 3xz of the relation 
0+X, x X,, that is, 
We have seen in the previous section that any quasi-pretopos Y can be 
embedded in a pretopos via the free pretopos completion (YZ)_; let us observe 
that the inclusion J of Y into (Yx),,, which is given by J(X) = (X, l), where 1 is 
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the equivalence relation on X given by the graph of the identity map on X, 
exhibits Y as a full subcategory of (Yz)ex. Our aim is to construct a rehector F 
from (Y’)_ to Y. The construction goes as follows: 
Let ((X,)i~~, CR,j)i,jElxl ) be an object of (.!Yz)ex: (Rij)L,jElx, is an equivalence 
relation on (X,)iE,, which means: 
(1) reflexivity: lcx) = 8: 5 R,, 
(2) symmetry: (R,ip = R,, 
(3) transitivity: u,, RhiRih = R,,. 
If (Y, : x, w ci X, are the canonical injections, we can consider the relation R 
on c Xi given by 
R = u c~;Rp;. 
1.1 
We claim that R is an equivalence relation on c X, in Y. 
(1) Reflexivity: From 63 5 R,, for all i, j E I, it follows that CY~S~Q~ 5 ol,Rij~y 
and then 
that is, U, a;ap 5 R. But Uiay,a~ = 1 zx, and the reflexivity is proved. 
(2) Symmetry : 
(3) Transitivity : 
(by Corollary 2.3.2) 
(by Proposition 2.2.3) 
5 U aiRtz,ffF: U‘IX, ( i,h 1 
(by Corollary 2.3.2) 
by the reflexivity of R. 
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Summing up, we have just proved the following theorem: 
Theorem 2.3.3. Given an object (Xi, Rij) in (.L?x)e,, the relation 
R= u czjRi$ 
i.] 
is an equivalence relation on CX, in 9 q 
Let now (X,, R,,) be an object of (.!7Z),, and R be the equivalence relation on 
C X, associated to it by Theorem 2.3.3. Since in Y there exist coequalizers of 
equivalence relations, we can form the coequalizer qR : c X,+ c X,/R of R. 
Proposition 2.3.4. qRai is a morphism from (Xi, R,,) to (c X,/R, l,:,,,,) in 
(yz),_. In particular it is a regular epimorphism. 
Proof. 
by cu;a, = l,,, since LY~ is mono (see Proposition 2.3.1). 
U (9Rai)(ai9R)o 
since qR is a regular epimorphism in 9. 0 
Proposition 2.3.5. qRcxi s an Y’-reflection of (X,, R,,). 
Proof. We have to show that qRcx, is i-universal, where i is the inclusion functor 
from Yinto (yZ),,. Thus, let (Ei), : (X,, Rij)+ (Y, ly) be a morphism of (y,),, 
from (X,, R,,) to an object of Y. We have to find a (unique) morphism E from 
(c Xi) lR to Y such that l?qRcxi = Ei, for all i E I. Let us define k = U, E,( qRcx,)“ 
as a relation in Y from (c X,/R) to Y. 
(1) E is a morphism of 9 
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since qR is a regular epimorphism in Y 
i@‘== u E,a;q; u qRa,,E; 
I h 
= u E,ff;&,~,E,” 
i.h 
but 
e $ E,a~Ra,E,” 9 1, (by Corollary2.2.4(2)) ; 
I_, E,a;Ra,E,” 
j.h 
= u E,a; u q,,&,ff;~hE,” 
1.h I.m 
where the last two equalities follow from the fact that (E,), is a morphism in 
WAX._ 
(2) Eq,a; = E,, for all i E I. 
First of all, we can observe that for any i E I, E, is a morphism of Y from X, to 
Y. In fact, from the definition of morphisms in (yx),,, we have: 
R,,s EyEi and U E,E~~l., 
for all i, j E Z. Thus, in particular 
1,~ R,, 5 E,Ey and E,Ey 5 1,. 
This implies Ei = q, for all i E I. Then 
iq,a, = u E,a;q;q,a, = u E,cY;& 
2 ; Eia;Ra, 2 u E;.Rii = E, . 
i I 
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From the inclusion 
a;Rai 50, 
-_ 
// , U Rji 5 6x,,x, U R, 5 R, x 
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(4) 
it follows by Corollary 2.2.4(2) that (Y;& 5 R,, so that 
iqRa, = u E,a;l?cu, 5 u E,R,, 
5 I; EiRI, = E, = ;; . El 
i 
We can now conclude that Y is an epireflective subcategory of (yx)_ with 
reflection given, for any (X,, R,,), by qRcxi. Let us call s the associated reflector, 
that is, the left adjoint to the inclusion functor i : 9’ 9 (Yz)_. In order to apply 
Theorem 1.5.1, we have only to prove that s preserves monomorphisms and 
products. 
Proposition 2.3.6. The reflector s preserves monomorphisms and products. 
Proof. Let E : (XL, R,,), w (Y,, , S,,), be a monomorphism in (9z),x. This means 
that R, = (E”E),. Our thesis is that 
s(W’s(E) 5 1,x,,, > (5) 
where s(E) = U,,,, qsPhEih ayqi being Ph the canonical injections of Yh into 
c Y,. 
Since 
s(E)“s(E) = i,_J q (YE” i, h k R j ,kPOkqiqSPhEihCYPqi 
, > > 
= I j;;Jk w,E;&%,4,~;q; 
/ , , 
by Proposition 2.2.5, (5) holds if and only if the following inequality is true (by 
Corollary 2.2.4(2)), 
From the first inequality of (4), it follows that 
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I._, qRc+;;,E,p:q; U ~X,IR 
r.1.k 
= (U qRa, (v ETkElk) cxpqi) U l,,,,, (since E isamono) 
i.1, 
= qR u cu,R;,a;d ’ l,XJR 
c 
Ii 
i 
5 4RRd u ’ ZX,,R 
= 4Rd ’ bX,,R = l?X,IR ’ 
Thus the preservation of monomorphisms is proved. 
As to the preservation of products, observe that the product in (YZ),, of two 
objects ((X,),, (R,,),,,) and ((YE),, (S,,),,,)) g IS iven by the family of objects 
Cxi x ‘h>lX./ with the equivalence relation Rij X S,, + (X, X X,) X (Yh X Yk) z 
(Xi x Y,) x (X, x Yk). From the distributivity of products in y, given by the 
universality of sums, it is a routine calculation to show that the relation T on 
c Xi x Yh = c X, x c Y,l which occurs in the construction of the reflection (see 
Theorem 2.3.3) is exactly given by the product in Y of the two relations 
R = U,,(~~l?,~a, on C X, and S = U,, PiShkP,, on c Y,. Thus c X, X Y,IT = 
c X, x c Y,,/R x S = c X,/R x c Y,/S, since in a regular category the product 
of coequalizers is a coequalizer. 0 
In conclusion Y is an epireflective subcategory of the pretopos (yx)._ with 
reflector s 4 i which preserves monomorphisms and products, that is, by Theorem 
1.5.1, 9’ = Sep,, for j unique topology on (9’x)ex. So, we finally proved the 
following characterizing theorem: 
Theorem 2.3.7. (The elementary characterization) A category Y is equivalent to 
the category of separated objects for a topology in a pretopos if and only if Y is a 
quasi-pretopos. 0 
2.4. The quasi-abelian case 
Let now Y be a quasi-abelian category, and consider the exact completion, 
which we already observed in Section 2.1 to be an abelian category. As in the 
quasi-pretopos case, we will construct a left adjoint s to the inclusion functor 
i : Y + Ye”,, and we will show that s preserves monomorphisms. 
Let (X, R) be an object of .9’_, where X is an object of Y and R is an 
equivalence relation on X in Y. Consider the coequalizer qR : X+X/R of R, 
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which exists in Yby Proposition 2.2.5. (X/R, l,,,) will be the reflection of (X, R) 
in Y and qR will be the reflection unit. 
Proposition 2.4.1. qR is a morphism of ye”,,, in particular it is a regular epi- 
morphism. 
Proof. qEqR = I? 2 R and qRqi = l,,,, since it is a regular epi in Y. 0 
Proposition 2.4.2. qR is an 9’-reflection. 
Proof. We have to show that qR is i-universal, that is, qR satisfies the universal 
property of the reflection. 
Let E : (X, R)-+(Y, l,,) b e a morphism of Yep,x from (X, R) to an object of 9. 
It has to be proved the existence of a (unique) morphism ,!? in Y_ such that 
Eq, = E. Let us define ,!? = Eq”,. 
(1) ,!? is a morphism of 9’_. 
.!?“E = qRE”Eq,” 2 qRRq; = qRq; = lXiR , 
I!%?~ = Eq;q,E’ 5 Ei?E’ 5 1 y 
@ ERE”s1, (by Corollary 2.2.4(2)) . 
But ERE” = EE” 5 l,, since E is a morphism of Y_. 
(2) ,??qR = E. First observe that E is a closed relation in Y. In fact, E is a 
morphism in Y,,oex and then 1,~ R d E”E and EE” 5 l,,, thus E is also a morphism 
in Y, then closed. As a consequence we have (by Proposition 2.2.3) that 
El? 4 ER = I? = E. Then ,!?qR = Eqiq, = El? 5 E. The other inequality follows, 
by composition with E, from 1,~ R. 0 
We can thus conclude that Y is an epireflective subcategory of Ye”,, with 
reflection given, for any (X, R), by qR. Let us call s the associated reflector. In 
order to apply Theorem 1.5.1’, we only have to prove that s preserves mono- 
morphisms. 
Proposition 2.4.3. The reflection of yep,, onto Ypreserves monomorphisms. 
Proof. Let E : (X, R) w (Y, S) be a monomorphism in Yep,,, that is, R = E”E. 
Our thesis is to prove that 
Since 
s(E)“s(E) 5 lx,, > where s(E) = q,yEqi 
s(E)“s(E) = q,E”q;q,Eq; = q,E".?Eq; , 
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it will suffice to prove (by Corollary 2.2.4(2)) that q,E”SEq”, 5 l,,,. But 
q,E”SEq; = q,E”Eq; = q,Rq; = qRq; = lXIR. 
Thus the preservation of monomorphisms is proved. 0 
In conclusion Y is an epireflective subcategory of the abelian category Y_, with 
reflector s which preserves monomorphisms, that is, by Theorem 1.5.1’, Y = Sep,, 
for j unique topology on Ycx. So, we have finally proved the following theorem: 
Theorem 2.4.3. (The elementary characterization) A category Y is equivalent to 
the category of separated objects for a topology in an abelian category if and only if 
Y is a quasi-abelian category. 0 
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